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Abstract-Elastic-plastic polycrystals are analyzed by means of a planar double-slip modeL The
analysis uses Taylor's assumption of uniform strain within all grains. Due to the consideration of
elastic behavior, a general planar stress and strain state can be determined. Crystal hardening has
been incorporated naturally into the framework of texture evolution. The concept of orientation
distribution function (ODF) has been used together with its evolution equation. The overall stress
components of the polycrystals are obtained analytically by the orientation (ODF) averaging. This
model has then been applied to discuss the texture formation of thin-walled tubular specimens
subjected to torsion. The differences between simple shear, simple (fixed-end) torsion, and pure
(free-end) torsion are discussed in detail and a unified analytical solution is presented. It has been
found that the theoretical axial stress of simple torsion is twice as large as that of simple shear. It
has also been discovered that the development of hoop strain is directly related to the texture
development during a torsion test of tube. The model also predicts the phenomenon of "tilting" of
the ideal texture orientation, which has been experimentally observed. The theoretical results show
very good agreement with experimental data of high purity aluminum. It may be concluded that
the present model can provide a reasonable description of the torsion tests in the large strain range.
Copyright f'; 1996 Elsevier Science Ltd.

I. INTRODUCTION

Texture modeling ofthe microstructure of polycrystalline materials undergoing finite plastic
deformation is of great technical significance in industrial working processes and it also
provides important insight into the understanding of micro- and macroscopic aspects of
large plastic deformation. In the experimental investigation of large plastic deformation,
torsion of a thin-wal1ed tube is an accepted test in the determination of the axial effect,
which is caused by the deformation induced texture, test configuration and the material
elasticity. On the other hand, the simple shearing of a material element has become a
popular problem in theoretical analyses which focus on the further understanding of
material behavior undergoing finite plastic deformation. The condition of simple shear is
theoretically simple but is experimentally close to impossible to achieve by use of present
experimental techniques. Due to lack of experimental results obtained under the simple
shear condition, many authors compare their theoretical results of the simple shear problem
to the experimental data obtained from the simple (fixed-end) torsion test of thin-walled
tube. The simple torsion test is thus considered by many authors as an approximation test
of simple shear. The two cases are, in fact, quite different and do not have the same state
of stress and strain. A quantitative relation between the two cases has been derived, which
provides an appropriate way to compare the results of the two cases. This point will be
discussed in detail in this paper.

Texture evolution in torsion has been experimentally investigated by Jonas, Neale,
Toth and their co-workers (1985, 1989, 1990, 1992), Stout and O'Rourke (1989), and Wang
et al. (1995). Several specimen configurations have been used in the experiments. The effect
of specimen geometry on the torsion test results has been investigated by Wu et al. (1992,
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1995a). It should be pointed out that torsion of solid bars and thin-walled tubes of very
short gauge length (the Lindholm specimen) does provide a reasonable shear stress-strain
curve, but it does not allow for the axial effect to fully develop. In order that the axial effect
be investigated, Wu et al. (1993, 1995b) and Wang et al. (1995) used long, thick-walled
tubular specimens. The ideal orientation of texture developed in the torsion test will be
discussed in detail in this paper.

The computer simulation of texture evolution has been carried out for some simple
cases of deformation by Kocks, Jonas, Asaro, Anand, Havner and their co-workers (1985,
1989, 1992, 1994). Typically, Taylor's uniform strain within all grains or relaxed constraints
is assumed. The material can either be rate independent or rate dependent. The average
stress and its rate in the polycrystals are then obtained by a numerical averaging procedure
over the aggregate of the polycrystal. Large enough numbers of grains, such as 300, 489,
or 800 grains are needed in the computation. Although computer simulations of some
simple problems have been carried out by use of this method, due to its numerical nature,
very little information can be extracted directly from the numerical solution that is useful
for the development of phenomenological plasticity theories. Existing phenomenological
plasticity theories have not adequately accounted for texture evolution. Even though the
concept of plastic spin has been introduced to do the job, its evolution equation is usually
not based on microscopic considerations.

An alternative approach of polycrystal plasticity, based on the concepts of orientation
distribution function (ODF), its conservation equation (Clement, 1982), and ODF aver­
aging (Rashid, 1992; Lagzdins et al., 1992), but still using the general constitutive frame­
work of continuum slip, has recently attracted the attention of researchers. Using this
approach, an analysis of two-dimensional texture evolution, based on a planar double-slip
model, has been conducted by Rashid (1992) and Dafalias (1993a). These authors obtained
an analytical expression for the ODF function and linked the texture evolution to the
distortion of the yield surface. Furthermore, the phenomenologically defined plastic spin
has acquired a fundamental physical significance through the definition of a normalized
average plastic spin proposed by Van Der Giessen and Van Houtte (1992) and Dafalias
(1993a). This new direction for polycrystal plasticity has an advantage over the traditional
one in that simple, analytical solutions may be obtained for simple benchmark problems.
The analytical nature of the solutions can greatly improve the understanding of the problems
at hand, and information can be extracted from the solution so that it may be used
beneficially for the construction of phenomenological plasticity theories.

In the analyses of Rashid (1992) and Dafalias (1993a), by neglecting the crystal elasticity,
the three stress components for the general planar stress and strain states cannot be inde­
pendently determined. This drawback limits the applicability of the analyses and results in
unrealistic prediction of the general two dimensional texture. Some difficulties have thus been
introduced into the modeling of a tube undergoing torsion. Specifically, the axial effect and the
boundary conditions of different torsion tests cannot be properly accounted for. These authors
also did not incorporate crystal hardening into the evolution of texture ODF.

In the present paper, instead of rigid-perfectly-plastic grains assumed by Rashid (1992)
and Dafalias (1993a), elastic-plastic polycrystals are analyzed by means of a planar double­
slip model. The analysis uses Taylor's assumption of uniform strain within all grains. Due
to the presence of elasticity, a general planar stress and strain state can be completely
determined. Moreover, the rule of crystal hardening is incorporated naturally into the
framework of texture evolution. This model has then been applied to discuss the texture
formation of thin-walled tubular specimens subjected to torsion. An interesting outcome is
that the theoretical axial stress of the simple torsion test (the fixed-end torsion) is exactly
two times that of the simple shear. This result is independent of crystal hardening. The
model also predicts the phenomenon of "tilting" in the ideal texture orientation. Analytical
solutions have been obtained which clearly show the effect of crystal elasticity, boundary
constraint, and texture evolution. Comparisons of theoretical results with data of torsion
tests by Wu et al. (1993, 1995b) show that reasonable agreement has been achieved.

In Section 2, the constitutive framework for the description of finite deformation of
polycrystals is given. The planar double-slip model is presented in Section 3 together with



2-D texture study based on double-slip model 4169

the general solution for the general planar stress and strain problems. In Section 4, the
solution for simple shear is derived with simplified assumptions of self and latent hardening.
A unified solution for simple shear, simple torsion, and pure torsion is obtained in Section
5. The solution is formulated in terms of a parameter so that for different values of this
parameter, the unified solution reduces to each individual case. The unified solution is
derived by assuming that no hardening takes place in the crystals, i.e., the material is elastic­
perfectly plastic. The differences in the conditions of stress and rate of deformation between
simple shear and simple torsion and their effects are explored. In Section 6, a unified
solution is given that accounts for the hardening of material. Theoretical results are then
compared with experimental data obtained by Wu et al. (1993, 1995b) for high purity
aluminum. Finally, discussion and conclusion are given in Section 7.

2. CONSTITUTIVE FRAMEWORK FOR FINITE DEFORMATION OF POLYCRYSTALS

The mechanics of crystal deformation by slip is summarized here, following Rice
(1971), Hill and Rice (1972), Asaro and Rice (1977), Asaro (1983), and others. The
framework ofcrystal slip kinematics yields (in this section, bold-faced letters denote tensors)

(1 a)

(lb)

with

where D and Ware the symmetric and skew-symmetric parts of the velocity gradient L;
D* is the rate of deformation associated with lattice elasticity; OJ is the lattice spin associated
with rigid rotation of the crystal; and D P and wP arise solely from the plastic slip. The ath
slip system, which is defined by the unit crystallographic vectors s(a) along the slip direction
and m(a) normal to the slip plane, in the reference configuration, has the shear rate of y(a).

The counterparts of these vectors, the covariant and contravariant vectors s*(a) and m*(a)

in the current configuration, respectively, are approximated by orthonormal vectors when
the lattice spin due to small elastic lattice distortion is neglected, compared with the large
rigid lattice spin. Therefore, the resolved shear stress and its material rate, in the current
configuration, can be written simply as

(2a,b)

where r, r V are the Kirchhoff stress and its lattice corotational rate, respectively; a dot over
a quantity denotes the material derivative of that quantity. A rigorous framework for
generalized Taylor-Schmid stress and its material rate is given by Hill and Havner (1982),
and Havner (1992). As usual, the hardening law of the crystal, i.e., the evolution equation
of the critical resolved shear stress r:'), takes the following linear form of Hill (1966)

i(X) = '" h 1,;(/1) I, 1... 'Ii I •

Ii
(3)

Finally, the elastic behavior of the crystal is governed by Hooke's law and written as

TV = E:D* = E:(D-DP
) (4a,b)

The elastic moduli tensor of the crystal is assumed to be isotropic for simplicity, i.e.,
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(5)

where Aand J1 are the Lame elastic constants 15ij is Kronecker's delta. A remark about this
assumption will be give in Section 7.

3. PLANAR DOUBLE-SLIP IDEALIZATION

3.1. Stress components and crystal hardening
Instead of the rigid-plastic Taylor polycrystal considered by Rashid (1992) and Dafa­

lias (l993a), the elastic-plastic Taylor polycrystal is considered in this investigation. In this
approach, the velocity gradient tensor is known and assumed to be distributed uniformly
throughout the polycrystals. In addition, the single crystal is assumed to have elastic
isotropy, which is frequently assumed by researchers for simplicity, see, for instance, Nemat­
Nasser and Obata (1986). This assumption was also made by Lin (1964) in his modification
of Taylor's model in the case of small deformation. The planar double-slip here is in the
sense of the effective double-slip idealization of Rashid (1992) which is consistent with
Asaro (1983) and Havner (1992). Following Rashid (1992), for the planar-double slip
model, (I) reduces to

',(1) _ 2 (D P 213 D P . 213)r - -'-4 . I I cos 2 - 12 sm 2,
sm CI.

(6a)

(6b)

where the angle 2et is the separation angle between the two slip systems, and the angle e
defines the current orientation of the slip-system pair, as shown in Fig. I. It is noted that the
present configuration ofdouble-slip is slightly different than Rashid's for the convenience of
a tubular specimen under torsion, The angles 131 and 132 are the current orientations of the
individual slip systems. By use of (lc), (2a) reduces to

I ( ) _ I «I) 213 (2) 213 )::; <II -Tn - -'-4- < cos 2 -< cos I
" sm CJ.

_ I «2)' 2U (I)' 213)
<12 - -'-4- < sm PI -< sm 2'

sm et

(7a)

(7b)

The three components of local stress, <110 <22, <12, are not determined by the above two

z

Fig. I. The planar double-slip systems and the coordinate axes.
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equations. Instead of determining the two quantities (Til-Tn) and Tl2 as in Rashid (l992)
and Dafalias (l993a), a third equation is added by considering the elastic behavior. Due to
the assumption of plastic incompressibility, i.e., Dfk = 0, (4a) reduces to

(8)

This is the additional equation that is needed to determine the stress components. In order
to integrate this equation, the following relation for the planar double-slip system is used:

(9)

so that Df3 = 0, and in the case of planar stress state, the 33 component of (4a) leads to

A
D 33 = - -)2 (D ll +Dn)..+ j1

(lOa)

On the other hand, in the case of plane strain, the relations are

so that, from (4b), for both cases

with

(lOb)

( lla)

3X+2j1
A+2j1 j1

).+j1

for plane stress

for plane strain

(lIb)

This equation may then be integrated to yield

The solution of (7a, b) and (l2) is

Tn = E1fl (D ll +Dn) dt-~4(T(I) cos 2/32 _T(2j cos 2/31 )
o sm !Y.

(l2)

(13a)

(13b)

(l3c)

Similarly, from (2b), expressions for (ril -rX2) and ri2 can be obtained. These expressions
and (lla) may be solved together to find

(l4a)

(14b)
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1
"iz = -'-4-(t(2) sin2J51 -t(l) sin2J5z).

sm rx
(14c)

Therefore, the three co-rational stress rates "ii' "X2' "i2 are determined by (14) when the
material time derivatives, t(l) and t(2), of the double slip system are given. Now, from (4a),
the plastic strain rate DfJ may be expressed in terms of Du "L and the Lame constants, A
and J1. The expressions are then substituted into (6) to obtain

where

2 (V v )'111 '12. 'II , .
y . =-'-4- -2 sm2J52--

2
cos2J52+ D cos2J52-DI2sm 2J52

SID rx J1 J1

• J 2 (,ii'i 2 ., .)
yl-) = -'-4- -2 COS2J51 - -2 sID2J51 -D cos2J51 +D 12 sm2J51

SID rx J1 J1

(15a)

(15b)

for plane stress

for plane strain

(15c)

The connection between slip shear rates yi") and rates ria) of the Schmid resolved shear
stresses, in general, can be realized through the hardening law of the crystal. In two
dimensional polycrystals, double slip systems are always assumed to be activated sim­
ultaneously during loading. Equations in (6) shows that the slip shear rates y(l) and y(2) are
usually not equal to zero at the same time for any orientation e, except when both Df2 and
Dfl are equal to zero. In the latter case, (15) reduces to Hooke's law (given by (4)) by
setting y(l) = -;,(2) = O. This case, in fact, describes the elastic loading and/or unloading. In
the case of monotonic loading, the crystal hardens according to the following rule

The notation sign (i a») is used to indicate forward (positive) or reverse (negative) slip.
When both slip shear rates ,~(l) and y(2) are positive, then from (5) and (16), the hardening
rule is written as

(17a)

(17b)

where h ll , hn are the self-hardening moduli, and h12, hZI the latent hardening moduli. The
latent hardening of crystals in double-slip was discussed by Havner and Salpekar (1982,
1983). A comprehensive study of this subject is also given by Havner (1992). Combining
(14) with (17) and then with (15), the resulting equations can be solved for the following
explicit expressions of lattice corotational rates of stress components

-ril IJA+(aI2B-bI2A)+IJEI(IJ-bI2)(DII +D22 )

J1 J1[(IJ-a22)(IJ-bI2)-aI2b22]

"iz IJB+(b22A-a22B)+IJElb22(DII +D2Z )

J1 J1[(IJ-an)(IJ-b IZ )-a12b22]

(18a)

(18b)
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(18c)

A = (h II cos 2/32 - h21 cos 2/3 IHD' cos 2/32 - D I2 sin 2/32)

-(h I2 cos 2/32 -h 22 cos2/31)(D' cos 2/31 -D 12 sin 2/31) (18d)

B = (h 21 sin 2/3 I - h II sin 2/32HD' cos 2/32 - D I2 sin 2/32)

- (h 22 sin 2/3 I - hl2 sin 2/32HD' cos 2/3 I - D 12 sin 2/3 I) (18e)

(18f)

(18g)

1] = ~(sin 40:)2. (18j)

When one of the slip rates, or both, are negative, similar expressions can be obtained by
simply replacing the signs of hardening moduli in the above equations according to the
signs of slip shear rates.

3.2. Orientation averaging and texture evolution
The orientation of the slip system is specified by the angle 8, which is related to the

lattice spin W 12, following Rashid (1992), by

(19a)

Combining (15) with (19a), the rate of change of eis found to be

. I [rY I r;? . .
8=-'-4- -2(COs2/3I~cos2/32)+-2-(sm2/32-sm2/31)

sm CJ. jJ. jJ.

+D I2 (sin2/31 -sin 2/3J + D'(cos2/32 -cos2/31)J- W 12 · (19b)

Therefore, by substituting (18) into (15), the slip rates are determined, and from (19) the
lattice spin can be found. On the other hand, the local stresses Til, T22' TI2 are obtained by
first finding T(oJ from (16), (17), (15), (18) and then using (13). Finally, the overall stress
components of the polycrystals are obtained through the orientation averaging approach
discussed by Rashid (1992) and Lagzdins et al. (1992), i.e.,
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0"22 (t) = ~ fn!2 "22 (8, t)f(8, t) d8
n -n/2

1 fn!2
0"12(t) = - "12(8, t).f(8, t) d8

n -rr-/2

(20a)

(20b)

(20c)

where i(8, t) is the orientation distribution function (ODF) which will change with respect
to deformation history and loading path. The evolution equation of the ODF is given in
Clement (1982) and Rashid (1992) as

of oC(O) 1 fn!2
at + aiJ = 0, with ~ -n!2 f(O, t) dO = 1. (21 )

The lattice spin W12 depends only on angle 0 in several studies of two-dimensional
texture evolution, such as Rashid (1992), Dafalias (1993a), and Van Der Giessen (1989).
Even though it may depend on the loading history in the more general case, the following
simplified form is assumed as an approximation for the simple loading history considered
in this investigation:

e= -W12 = R(O) (22)

where R(8) is a function of orientation O. Using (22), the evolution equation for the case
of two-dimensional texture is

(23)

which is now solved by the method ofcharacteristics. The equations along the characteristics
are

dt d8

I R(8)

These equations may be integrated to yield

dilf
dR(O)/dO'

(24)

dO iV
dO

dt = R(O) and t = 0 R(O)
o

and

df dR(8) (f) (R(O))7 = - R(O) and log fo = -log R(Oo)

(25)

(26)

in which i;) = f(O, t = 0) = 1 is the initial condition. At the beginning, the ODF has the
value of one because of the assumption of random grain distribution. The general solution
is then written as

R(80 )

f(O, t) = R(O) . (27)

It is noted that the parameter 80 on the characteristic line depends on both time t and
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orientation angle 8 according to (25). Therefore, it is not a constant. The general solution
was also obtained by Prantil et at. (1993) using a different derivation.

In summary, the governing equations for the textured polycrystals under general planar
stress or strain states have been derived in this section in a closed form. Three independent
stress components are determined completely, and the information of crystal hardening has
also been naturally incorporated into the texture evolution equations. Application to some
special states of stress and strain by use of these equations is presented in the remaining
part of this paper.

4. SIMPLE SHEAR

This section is focused on simple shear because of its importance and simplicity. Simple
shear is the simplest test problem for any theory of finite deformation. In order to bring
out special features of this model, in particular the effect of material hardening on ideal
orientation, a simple case of strain-hardening is considered, so that

h ll = h22 = h(t), h l2 = h21 = qh(t). (28)

where the ratio q of latent hardening is a constant. The equations of this section pertain to
the case of positive slip rates. The case of non-positive slip rates will be addressed in Section
6. In the case of simple shear, the rate of deformation and material spin are

D II = D n = D' = 0, D l2 = D21 = W l2 = - W21 = constant. (29)

By applying condition (29) in (12) and (20), the stress of the polycrystals must satisfy the
following relation in simple shear

Using (28) and (29), (18) becomes

~ D I 2 (q - cos 4:x) sin 48
J1

h [h ]~ D l2 (I - q cos 4:x) + ~(I_q2) + (q-cos 4:x) cos 48

---'-'--"-~

h I (h)2 ,
1J+~(I-qcos4:X)+2 ~ (1-q-)

(30)

(3Ia)

(31 b)

The shear rates of the double slip system may then be obtained from (I Sa) and (l5b), using
(29), (3la), and (3Ib). The results are

2D 12 . •
yllJ = -.-4- [(1- H) sm 2:xcos 8- (1- Q) cos 2:x sm 28]

sm :x

? 2D 12 • •
'pl-) = -'-4- [(1- H) sm 2IXcos 28+ (1- Q) cos2:x sm28j

sm IX

with two dimensionless hardening parameters

(32a)

(32b)
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h [ h ]~(l +q) 1 cos4:x+ ~(l-q)

H= h 1 (h)2 0

1]+ ~(I-qcos4a)+ 2, -p (l-q")

~(I-q{1+cos4:x+ ~(l +q) ]

Q = h 1 (h)2
1]+ -p(l-qcos4a)+ 2, -p (l_q2)

(32c)

(32d)

where H = h = 0 corresponds to the case of no hardening and Q = 0 corresponds to the
case of latent hardening equal to self hardening with q = 1.

By substituting (32) into (l9a), the rate of 8 is found to be

. D l 7 cos2a
R(8) = 8 = cos 2t/J (cos 28 -cos 2t/J), cos 2t/J = 1- H . (33)

The equilibrium value 0, of the angle 8, i.e., the ideal orientation of the texture, can be
obtained by setting d8jdt = 0 in (33) and has been determined to be

o:( 8, = t/J :( a, H ~ O. (34)

It is seen from (33) and (34) that crystal hardening influences texture evolution and the
ideal orientation of texture through parameter H, and that the ideal orientation 8, depends
on the material characteristic angle:x of the equivalent double-slip system, the normalized
self hardening hj/1, and the latent hardening ratio q. Note that H is of the order hj /1 in
magnitude, which is much less than unity. Therefore, the hardening of materials, in the
case of simple shear, does not have a significant influence on the ideal orientation and ODF
evolution. However, the material hardening is important when it is combined with the effect
of boundary constraints, such as tubular specimen under torsion. This situation will be
reported in Section 6.

The explicit expression of ODF for the case of simple shear will now be derived from
(33) and (25). This procedure will be used again in later sections. The resulting equation is

f
o 2 sin 2t/J d8 fO [COS(t/J - 8) cos(t/J + 8)Jd8(2D p t) tan(2t/J) = = .. + -.-----'-'--~

- lIocos(28)-cos(2t/J) 110 sm(t/J-8) sm(t/J+8)

or

sin( t/J + 8) (tan t/J - tan ( 0 ) fr
. (./, 8) ./, 8 = e , r = 2D ll tan(2t/J).sm 'I' - tan 'I' + tan 0

The parameter 80 can be determined from the above equation as

(35)

(36)

e sin( t/J + 8) - sin( t/J - 8) eft
tan 0 = tant/J ,

sin(t/J + 8) + sin(t/J + 8) eft

I-tan2 eo
cos 280 = ----

I +tan 2 eo
(37)

Finally, the expression of ODF is found from (27), (33) and (37) as
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cos 2eo - cos 2t/J sin 2 2t/J
f(8, t) = cos 20 - cos 2 t/J = -a-+-b-s-in-2-0-+-'---cc-o-s-2-0

[sin(t/J + 8) + erf sin(t/J - 0)]2 _4ert sin(t/J + 0) sin(t/J - 0) sin2 t/J

a = sin2 2t/J+2sinh2 (~rt)

b = - 2 sinh (~ rt) cosh (~ rt) sin 2t/J.

c = - 2 sinh2 (~rt) cos 2t/J
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(38a)

(38b)

The ODF expression in (38) is the same as the one derived by Rashid (1992) and Dafalias
(1993a). However, the present method of derivation is different and more straightforward.

5. UNIFIED SOLUTION OF SIMPLE SHEAR. SIMPLE TORSION AND PURE TORSION
FOR ELASTIC-PERFECTLY-PLASTIC MATERIAL

The goal of this section is to investigate the similarity and differences between simple
shear and torsion of thin-walled tubes due to different deformation states and geometries.
For simplicity, the effect of material hardening has been removed by considering the special
case of no hardening, i.e., elastic-perfectly-plastic material. A unified solution is presented
to clarify some of the confusion that has arisen from the attempt to use the simple shear
state to model torsion of a thin-walled tube with fixed-end. Some of these problems have
been addressed by White (1992) by use of the finite element method.

The coordinate system, shown in Fig. I, is used to facilitate the investigation of a
tubular specimen under torsion. The hoop (shear) direction is denoted by Xl or t; the axial
direction is denoted by X 2 or z; and the radial direction is denoted by X 3 or r. Then, the
relevant components of D, W, and (J are

The conditions required by the specific geometry of the problem for simple shear, simple
torsion (torsion of a thin-walled tube with fixed-ends), and pure torsion (torsion of a thin­
walled tube with free-ends), are now summarized as:
Simple shear

D zz = D" = D" = 0, D tz = W,Z = const.; (J" = -(Jzz; D' = O. (39)

Simple torsion

Pure torsion

Dtz = W ,Z = const.; (J" = 0, (Jzz i= 0, (J" = 0;
, ).+/1

D = 2 A+2f1D".

(40)

The differences among the three cases are clear from (39), (40) and (41). In the case of
simple shear, eqns (39), (12) and (20) lead to the results that the hoop stress, (1", be equal
to the negative of the axial stress, (1zz, and that the hoop strain rate D" be zero. However,
in the torsion test of a tubular specimen, the hoop stress, (11t, is zero due to symmetry and
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force equilibrium, and the hoop strain is allowed to develop due to texture formation.
Therefore, the stress and strain states of simple shear and simple torsion are quite different.
In the case of simple torsion, (lOa) reduce to Drr = - (v/I - v)Dm where v is Poisson's ratio.
Thus, D rr of. -DII in general. However, in this case, the change in the diameter and the
wall-thickness is so small that it is difficult to measure with the available experimental
techniques. Nevertheless, D" does have an important effect in the solution of simple torsion
and this will be demonstrated later. Wu et al. (1993, 1995b) found experimentally that the
hoop strain is approximately equal to the axial strain in magnitude in the case of pure
torsion. Due to the assumption of plastic incompressibility of the material, the change in
wall-thickness during pure torsion is negligible. The relation of DII = - Dzz, Drr = 0 for
pure torsion from (12), (20) and (lOa) is thus seen to be reasonable.

Using a procedure similar to that used in the derivation of (32) and the conditions of
(39), (40) and (41), the slip shear rates are obtained and written in a unified form for all
three cases as

(42a)

(42b)

and the rate of change of ideal orientation is

. DI_e= -2",1, [cos(2e+2¢)-cos2ljJ], cos2ljJ = cos2excos2¢,
cos If'

(43a)

where

( = f~.5
L.o

for simple shear

for simple torsion.

for pure torsion

(43b)

Note that (43a) can be obtained by replacing eby e+ ¢ in (33) and the expression of
ODF is obtained by replacing e in (38a) by e+ ¢, but with different expressions of a, b,
and c which are to be given later in (46f). The characteristic angles ljJ and ¢, defined in
(43a), are directly related to the development of hoop strain rate D II due to texture formation
and are also dependent on boundary constraint conditions of the torsion test. It is seen
from (43a) that the ideal orientation is in the orientation (ljJ-¢) for both cases of torsion,
but it is in the orientation ex for simple shear. In the latter case, ¢ = 0 and ljJ = :x, which
may also be obtained by letting H = 0 in (33). More discussions about the ideal orientation
will be given later together with numerical examples.

For elastic-perfectly plastic material, the resolved shear stresses, (16), for the two slip
systems are given by

(44)

where the critical resolved shear stress is constant, i.e., '[61
) = '[62

) = '[0' Therefore, (I3a),
(13b) and (13c) are simplified and become
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(45a)

(45b)

(45c)

The integral on the right hand side of equations (45a) and (45b) is zero for simple shear
due to Dl/ = Dzz = O. It is also zero in the case of pure torsion due to the relation
Dl/+Dzz = O. However, it is not zero for simple torsion because Dl/ of- O. The macroscopic
stress components corresponding to the aforementioned microscopic quantities are then
obtained by orientation averaging, given by (20a), (20b) and (20c). By use of (45), these
equations are integrated. The procedure of integration is similar to the one used by Dafalias
(l993a), and the resulting stress components for the unified solution are obtained as

i
l

T { [( C b) (c b) l(1 __ =£, ~Dlldt+ 0 sin2 2tjJ ----.- InL 1 + --+-.- InL2
•• 0 2n(b2 + c2 ) cos 2ex slll2ex cos 2ex slll2ex

[(
C b)( n) (c b)( n)l}+2a -.- + -- tan-I T) - - - -.- - -- tan -I To + -

Sill 2ex cos 2ex 2 Sill 2ex cos 2ex . 2
(46a)

[( C b)() n) (C b)() n)l}+2a -.-- + -- tan T 1 - - - -.- - -- tan-To + -
Sill 2ex cos 2ex 2 Sill 2ex cos 2ex - 2

T { [( C b) (C b) l(11_ = 0 sin 2 2tjJ -.-- + -- In L 1 - -.-- - -- In L
- 2n(b2 +c2 ) sm2ex cos2l1: sm2ex cos2l1: -

[(
C b)( n) (c b)( n)l}-2a ----- tan-) T -- + --+-- tan-) T +-

cos 2rx sin 2rx 1 2 cos 2l1: sin 2rx 2 2

where

(46b)

(46c)

a + b sin(2rx - 2¢) + C cos(2l1: - 2¢)
L 1 = a-bsin(2rx-2¢)-ccos(2rx-2¢);

a + b sin(2ex + 2¢) - C cos(2rx - 2¢)
Lo =-------------'--

- a-bsin(2ex+2¢)+ccos(2rx+2¢)

(46d)

sin2 2tjJ
T 1 = C sin(2ex - 2¢) - b cos(2ex - 2¢) ;

sin2 2tjJ
To =-----------:-

- C sin(2ex + 2¢) + b cos(2ex + 2¢)
(46e)

a = [sin 2 2tjJ+2sinh2(~it)]

b = 2 sinh(~ rt)[sinh(~ rt) cos 2tjJ sin 2¢ -cosh(~it) sin 2tjJ cos 2¢] (46f)

C = - 2 sinh(~ rt)[sinh(~ it) cos 2tjJ cos 2¢ +cosh(~rt) sin 2tjJ sin 2¢]

and

DII
r=2D lz tan(2tjJ), cos2tjJ=cos2rxcos2¢, tan2¢=-'D

lz

' (46g)

The parameter ~ that appears in (46a, b) is equal to one for simple torsion and equal to
zero for both simple shear and pure torsion. The other parameter' has already been defined
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Fig. 2. Hoop strain rate vs shear strain during pure torsion of elastic perfectly plastic material.
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Fig. 3. Ideal orientation of texture during pure torsion of elastic perfectly plastic material.

in (43b), and also depends on the geometry and loading condition of the problem. It is
noted that the expressions of T[ and T2 in (46e) are different from those of Dafalias (I 993a)
in order to avoid the jump in value of the inverse tangent function during deformation.

The hoop strain rate D II is zero in the case of simple shear but it is not zero in both
cases of torsion. In the latter cases, it is determined by the geometrically symmetrical
condition of Gil = 0 from (46b). DII may be determined for each shear strain 2D,zt by use
of a numerical procedure to find zeroes, using the non-linear equation obtained by setting
(111 = 0 in (46b).

Figure 2 shows the numerical results of torsion of a thin-walled tube with free-end, in
which the ratio D"ID,z increases from zero to a maximum value as the shear strain increases,
and it decreases thereafter and gets back to zero. An interesting result from this calculation
is that the variation of hoop strain rate is closely tied to a fascinating phenomenon in the
rotation of ideal orientation shown in Fig. 3. It is seen that the variation of ideal orientation
specified by angle 8ma\ as the shear strain increases is parallel with the variation of the
D"ID,z ratio. The expression for 8max given in Fig. 3 is found from afla8 = 0, wherefis
obtained by replacing 8 in (38a) by 8+¢. Figure 4 describes more clearly the shifting of
the peak of the ODF as the shear strain increases in magnitude from zero. The curves show
the ODF variation for each constant shear strain level, given by numbers in the figure. At
the beginning, the value of the ODF is one for all angles. As the shear strain increases, a
peak of the ODF curve gradually forms and it gradually shifts to the left at the low and
medium shear strain level. The direction of shifting takes a turn at the shear strain of
approximately equal to 1.0 and then the peak shifts to the right at the larger shear strain
level. This shifting of the ideal orientation is also referred to as the "tilting" phenomenon
(Montheillet, et al., 1984, 1985; Toth et al., 1992). Some remarks concerning the tilting
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and a comparison of the theoretical prediction with the experimental results will be given
in Section 7.

Another basic finding of this study is that the axial stress for simple torsion is exactly
two times as large as that for simple shear, as shown in Fig. 5 (the stress is normalized with
respect to To). This effect is independent of strain hardening and will be further discussed
in the next section. This finding agrees with the result obtained from the computer simulation
of texture evolution carried out by Harren et at. (1989). Figure 6 shows the ratio R obtained
from Harren et at. (1989) plotted against the shear strain. Due to the relation
0'\1 = -0'22 for simple shear, the ratio R = (0'~2-0'\1)/10"111 is equal to one if the axial
stress for simple torsion is exactly two times as large as that for simple shear as afore­
mentioned. In the above definition of R, the superscript "s" denotes the simple shear and
the superscript "t" denotes torsion. It is seen from Fig. 6 that the ratio R is close to the one
for the 489-grain simulation. It is close to the one for the 300-grain simulation up to a
strain of 2.0 and then increases somewhat. A conclusion can therefore be drawn from this
finding that, in the verification test, the theoretical axial stress for simple shear should be
compared with half of the experimental value (rather than the whole value as it is usually
done in the literature) obtained from fixed-end torsion test of a thin-walled tube. Further
discussion about this point will be given in Section 7. Figure 5 also shows that while the
hoop stress is zero for simple torsion, it is not zero for simple shear; and the shear stress­
strain curves for all three cases are practically identical. Note that all stresses are normalized
with respect to TlJ.
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Fig. 7. Hoop and axial strains in pure torsion of elastic perfectly plastic material.

Finally, Fig. 7 shows the axial and hoop strains in pure torsion. Three stages may be
observed from this figure. The first stage incurs small axial and hoop strains, resulting in
only slight change in texture. This may be observed from Fig. 4 where the ODF value is
slightly larger than one. The second stage is a texture formation stage, where the axial and
hoop strain increase rapidly during torsion. The corresponding shear strain is approximately
from 0.5 to 2.0. It is within this stage that the ideal orientation angle shifts back and forth,
see Fig. 3, and the ODF has a rapid increase in value, see Fig. 4. In the third stage, the
texture stabilizes and the growth of axial and hoop strains slows down to a zero rate.

6. UNIFIED SOLUTION FOR HARDENING MATERIALS

In this section, a unified solution is derived for materials with strain-hardening defined
by (16) and (3), but using condition (28) for simplification. In this case, the strain-hardening
is represented by

(47a,b)

with a sign term for positive and/or negative slip, such that
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(47c)

Using a similar procedure as that which led to (32) and the conditions (39)~(41) of simple
shear, simple torsion and pure torsion, the following expressions are obtained

I
y(J) = -'-4- [(1- QI)(D ti cos 2:xcos28+ (I-H1)(D ti sin 2:x sin28

sm :x

1ill = -'-4- [- (1- QIKDtI cos 2:xcos 28+ (1- H1)(D ti sin2:x sin 28
sm (X

where

(48c)

(48d)

These equations may then be used to obtain

. D,_ cos 2:x cos 2¢ Dti
81 = -2-,1, [cos(28+2¢)-cos2l/JIJ, COS2l/J1 = 1 ' tan2¢ = -(-.

cos 'i'l -HI D,=

(49)

Note that eqns (32) and (33) presented in Section 4 for simple shear are recovered by setting
ql = q, ( = 0, and ¢ = 0 in eqns (48) and (49).

From (49), the ideal orientation 8.\ is

(50)

It is obvious from (49) and (50) that two factors are affecting the ideal orientation. They
are the crystal hardening parameter HI and the hoop strain rate D tt .

From (47) and (16) the resolved shear stresses are

(51 a)

(51 b)

After the substitution of (51) and (48) into (13), the local stress components are found to
be
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(52a)

(52b)

(52c)

The macroscopic stress components are obtained by the ODF averaging on all orien­
tations. The integration of the first and second terms of (52) has already been carried out
in (46). The integration of the third term is simple due to its independence of ODF. The
integration of the fourth term of each stress component of (52) is quite lengthy and the
details will not be given here. The expressions presented here represent macroscopic stresses
obtained by considering only the self-hardening. The effect of latent hardening is neglected,
i.e., q = O. In this case, (20) gives

f' . To {.? [( (' b) ((' b) ](fcc=E] c,D"dt----- SIll-t/J -----.- lnLs]+ ---+-.-'- InLs2
o 2n(b2 + (,2) cos 2!X SIll 2!X cos 2(X SIll 2!X

If'- - h[(I- HI) sin2 2!X+ (1- Qs) cos2 2!X](D" dt
IJ 0

(53a)

I,. To {.? [( (' h)(f" = E] c,D"dt- ? ? SIn- 2t/J --2- - -'-2- InLs]
o 2n(b- +c) COS·(X SIll !X
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+(~?+~2)lnLs2J+2a[(~2+~2)(tan-
I TSI-~2)cos -'I. Sill et Sill et COSet

To { . 1 [( c b) (c b) J(J,_ = Slll- 2ljJ -.-.- + --- InL sl - -.-- - -- InLs," 2n(b2 + c2 ) Sill 2et COS 2Q'; . Sill 2et COS 2et . -
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(53b)

_2a[(_c - ---:~)' (tan- I TSI - ~)+ (-(~- + -.b )(tan ITS2 + ~2)J}
COS 2et Sill 2et 2 cos 2et Sill 2et

Ii' ., ,+ - h[(I-Hs) sin- 2et+(1-Q.s)COS" 2et]D,zdt
'7 0

with

(53c)

a+b sin(2ji -2¢) + ecos(2ji-2¢)
LSI = a-b sin(2ji-2¢) -ecos(2ji-2¢);

sin22ljJ
TS1 = .

c sin(2ji - 2¢) -b cos(2ji - 2¢) ,

a+b sin(2ji +2¢) -ecos(2ji+2¢)
L,., = --.--'------:------,---

. - a - b slll(2ji + 2¢) + e cos(2ji + 2¢)

(53d)

sin22ljJ
T - (53e)

S2 - c sin(2ji + 2¢) + b cos(2ji + 2¢)

(e 2 _b 2 )(a2 -2asin22ljJ-sin4 2ljJ)
T - -------------

S4 - (b' ')'~+c ~

(53f)

;~[I-COS4et+~J ;~[I+COS4et+~J I-H
s

H s = , Qs = , tan2ji = --tan2et.
h I (h)2 h I (h)2 I - Qs'7+-+- - '7+-+- -
f1 2f1 f1 2f1

(53g)

There are, in general, four terms in each of the stress components in (52) and (53). They
represent, respectively, the elastic response, the texture softening, the pure strain hardening,
and the interaction between texture softening and strain hardening. Thus, in a special case,
the equations the elastic perfectly-plastic material are recovered by setting h to zero, i.e.,
(52) reduces to (45) and (53) reduces to (46), where the effect of pure strain hardening and
its coupling with texture softening disappear.

The above expressions are now applied to investigate simple and pure torsion tests of
a high purity aluminum, which is a nonlinearly hardening material. Experimental data are
reported in Wu et al. (1993, 1995b). The experimental shear stress-strain curves of this
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material at room temperature are shown in Fig. 8, in which the theoretical results are also
shown. Note that the stresses are normalized with respect to To (10 MPa) in this discussion
and the shear stress-strain curves for the two cases of torsion are indistinguishable. In the
theoretical work, the following simple expression of hardening modulus is used

4

h(t) =hs+ L hkexp(-aks), s=2SD I2 dt.
k~l

The associated material constants used in the calculation are chosen as

hs = 1.0(MPa)

hk = (1 x 104 ,8 x 102,40.0,8.0)(MPa)

ak = (1 x 103 ,50.0, 1.5,0.55)

(54a)

(54b)

where k = I, 2, 3, and 4. Note that a different functional form may be used in (54) with
different constants, as long as it describes the same hardening behavior (same curve) as
that described by (54a, b). The specific mathematical expression of (54) should not have
any effect on the texture evolution and texture induced axial effect. The elastic constants
are I-l = 6.83 x 104 MPa and v (Poisson's ratio) = 0.345.

The theoretical normalized axial stress incurred in simple torsion is compared with the
corresponding experimental data in Fig. 9. The theoretical result depends on the charac­
teristic angle rx of the double-slip system. The result obtained by use of rx = 23.70 degrees
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Fig. 9. Axial stress in simple torsion for aluminum.
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matches experimental data the best and is presented in this figure. It is seen that there is a
general agreement between theory and experiment except for the early stage ofdeformation,
when shear strain is less than 0.35. A possible reason for the discrepancy is that the double­
slip model does not realistically describe the slip systems at this moderate strain range. In
this range, multislip usually occurs. Nevertheless, the results do show that the double-slip
model can lead to a reasonable result at the large stain level.

Figure 10 shows that the axial stress of simple torsion is two times as large as that of
simple shear. The hoop stress a22 is zero for simple torsion and is not zero for simple shear.
In fact, these relations may be derived easily from (53a, b), independent of whether the
material is of strain-hardening type or non-hardening type. From these equations, the stress
components are

(fzz = E j S~D[/ dt+ L

(f" = E j S~D[/dt-L

(55a)

(55b)

where L represents the remaining terms in the expressions for (53a, b). In the case of simple
shear, D[/ = 0 and (55) leads to

(56)

On the other hand D[/ =1= 0 in simple torsion. With ~ = I and (f[/ = 0, (55b) is then reduced
to

(57)

Thus, from (55a), the axial stress is given by

(58)

which is twice as large as the axial stress in (56). The same conclusion was also obtained
by Harren et al. (1989) based on a phenomenological hyperelastic constitutive model.
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Figure II shows a good agreement, in axial and hoop strains, between experimental
results and theoretical predictions for pure torsion. Some differences in the hoop strain are
found which result from the approximation of D~r = 0 in the theory. Another source of
discrepancy comes from the experimental side. It has been shown in Wu et al. (1993, 1995b)
that the gauge length of the tubular specimen greatly affects the axial and hoop strains for
the range of gauge lengths tested. The longer the gauge length is the closer are the exper­
imental results to the true values. In this figure, the theoretical result of the axial strain
has been compared to data of long specimens. However, the hoop strain has not been
experimentally determined by use of long specimens. The data presented are for medium
and short specimens. Had there been data for long specimens, the agreement in the hoop
strain would have been much improved. An interesting observation is that the axial and
hoop strain increments approximate a constant in the shear strain range between 0.75 and
1.75. It may be seen from (53b) that this effect indicates a balance between the texture
softening and strain hardening in this shear strain range. Comparing Fig. II with Fig. 7
(note that the strain scales are different in the two figures), it may be concluded that strain­
hardening delays the development of axial and hoop strains. Figure 12 shows the ideal
orientation of this (strain-hardening) material plotted against shear strain in the case of
free-end torsion. It is seen, by comparing this figure with Fig. 3, that the peak of the curve
has moved from about 1.0 in Fig. 3 to the current 2.0. This implies that the formation of
textures is delayed by strain-hardening. Furthermore, Fig. 12 shows that the "tilting" is
about ±0.5 degrees which is much smaller than the tilting of ± 10 degrees in Fig. 3. In
addition, it should be stated, as it has already been mentioned in Section 5, that texture
formation can increase the development of axial and hoop strains. Therefore, the early
development of the axial and hoop strains in an extruded specimen as observed by Wu et
al. (1993, 1995b) can be explained.

7. DISCUSSION AND CONCLUSION

7.1. Crystal elasticity
The consideration of crystal elasticity is important in that the general planar stress and

strain states may be determined. Moreover, as discussed by Lowe and Lipkin (1990),
elasticity may playa key role in the axial stress response during reverse torsion. This point
is significant in the light of a common tendency by researchers to assume that elasticity is
of minor importance and hence can be neglected in the analysis of large-strain deformation.
In this paper, eqns (46) and (53) show that the first term (the "elastic texture" term), which
represents the elastic stress caused by the inelastic hoop strain developed due to texture
formation, appears in the expressions for axial and hoop stresses but not in the expression
for shear stress. This elastic texture term is thus instrumental in the development of axial
stress and hoop strain. In the case of simple torsion, (55a) and (57) show that the elastic
texture term is equal in magnitude to the texture evolution term, i.e., the crystal elasticity
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and the texture evolution are of equal importance as far as the axial stress development is
concerned. Equations (55)-(58) indicate clearly that the axial stress in simple torsion is
twice that in simple shear due to the coupling of crystal elasticity with boundary condition,
i.e., the effect of the elastic texture term. This result confirms the assertion of Lowe &
Lipkin (1990) that axial stress is as sensitive to boundary condition as it is to texture
induced anisotropy. A further remark concerns the present treatment of isotropic crystal
elasticity instead of the realistic anisotropic crystal elasticity. This is a reasonable approxi­
mation and it greatly reduces the complexity of texture analysis. According to the computer
analysis of Lowe and Lipkin (1990), using a polycrystal model code developed by Asaro
and Needleman (1985) and inputting isotropic and/or anisotropic elastic constants, the
overall response of axial stress is similar for the two cases. This is so even in the case of
reverse torsion and use of different axial stiffness. A further approximation has been made
in this work concerning the lattice spin due to crystal elastic stretch. Such spin is neglected
compared with the large lattice spin due to rigid body rotation under the assumption of
small lattice strain.

7.2. Rotation oj"ideal orientation during torsion
The phenomenon of "tilting" or rotation of pole figures about the radial (r) axis during

torsion was reported experimentally by Motheillet et al. (1984) for fixed end torsion, and
by Toth et al. (1992) for free end torsion, both for solid bars. It was observed that the
tilting of the ideal orientation was opposite in direction to shear at low strain and then
changed into the direction of shear at large strain. Stout and O'Rourke (1989) tested thin­
walled tubes of the Lindholm configuration in free-end torsion with a lubricated mandrel
and reported an experimental (111) pole figure of OFE copper, which rotated about the r­

axis, opposite to the shear direction, at a shear strain of 1.5. Wang et al. (1995) tested long
gauge-length, thick-walled tubes in free-end torsion and the pole figures also showed the
tilting effect. The experimental angle of tilting is small, depending on the material and test
condition. It was in the range of ±5 in Montheillet et al. (1985), and _3 D

~ +2' in Toth
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et al. (1992) for A, B, C components of ideal orientation at room temperature, 125°C,
200c C and 300°C. It was about 5" in Wang et al. (1995).

The tilting was found in a computer simulation of torsion, based on Taylor and relaxed
constraint theory, carried out by Canova et al. (1984, 1985). This effect was explained and
related closely to the development of axial effect by means of the simplified rate-independent
theory (Montheillet et al., 1985) and the rate dependent theory (Toth et al., 1988, 1989,
1990). The "tilting" in the amount of - 7° at a shear strain of 3.6 was also found by Harren
et al. (1989) in a computer simulation of free-end torsion of a tubular specimen.

The analytical solution of the present paper correctly predicts the tilting effect. This
agreement with experimental observation is demonstrated through Figs 3 and 4. The figures
show that the peak of ODF shifts from 45° to 25° as the shear strain increases from zero
to about 1.0. During this stage, the rotation is in the direction from the t-axis to the z-axis,
which is opposite to the direction of shear. When the shear strain is greater than 1.0 the
peak of ODF moves from 25° to 35c

, in the direction of shear. This directional change of
rotation is completely consistent with the aforementioned experimental finding. Further­
more, the present theory predicts that the magnitude of tilting depends greatly on crystal
hardening, and that the maximum is ± 10° for elastic-perfectly plasticity material in free­
end torsion. But, when material hardening is considered, the magnitude of tilting will
decrease, to about ± 10 for aluminum, and the shear strain level at which the tilting changes
direction will increase to about 2.0, as shown in Fig. 12 for high purity aluminum (a
material with crystal hardening). A relation between tilting and axial effect is obtained
through a connection with hoop strain, which is shown in Figs 2 and 13 to be directly
related to the texture formation and evolution. Note that, in the case of pure torsion, the
axial strain is directly connected to hoop strain through the relation of Dee = ~ Du. In the
case of simple torsion, the axial stress is induced by hoop strain through the elastic texture
terms of (46) and (53). The shift of ideal orientation, or the tilting, can be seen obviously
from eqns (43a), (49) and (50). It is fair to say that the present theory predicts a larger
amount of tilting for free-end torsion than for fixed-end torsion, because the hoop strain
rate develops faster in free-end torsion than in fixed-end torsion. The larger amount of
tilting for free-end torsion than for fixed-end torsion is also reported by Canova et al.
(1985).

7.3. Modeling of simple shear by simple torsion
Simple shear has been considered as a benchmark test problem to check the constitutive

models undergoing finite deformation. Many researchers have then compared the results
of simple shear with that obtained from simple torsion of a thin-walled tube. This remark
addresses the question of how well can the simple torsion of thin-walled tubes simulate the
condition of simple shear. In the opinion of White (1992), a short tubular specimen with
massive shoulders will provide restraint against change in radius and is a good approxi­
mation for simple shear. However, in the opinion of the present authors, the aforementioned
test condition is an approximation for simple torsion rather than for simple shear. In fact,
it is not even a good approximation for simple torsion, because the axial stress in this case
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Fig. 13. Hoop strain rate vs shear strain during pure torsion of aluminum.
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depends on gauge length and the axial stiffness of shoulder regions. The effect of shoulder
regions on the axial stress can be discussed based on eqns (56) and (58).

As pointed out in Section 5, simple shear is quite different from simple torsion with
different constraints and different stress and strain states. Moreover, it has been shown in
Section 6 that the axial stress of simple torsion is twice as large as that of simple shear. The
significance of this finding is that one should compare the theoretically predicted axial stress
for simple shear with one-half of the experimental data obtained from simple torsion. In
addition, the axial stress is as sensitive to boundary conditions as it is to texture induced
anisotropy due to the elastic response term in the axial effect expression given by (46) and
(53). This effect has already been discussed in Section 7.1 in connection with crystal
elasticity.

7.4. Plastic spin
Plastic spin plays a key role in many recent macroscopic constitutive models and it

provides insights that related microscopic to macroscopic aspects of large-strain plastic
deformation, see, for instance, Oafalias (1985, 1993b), Van Oer Giessen (1991), and others.
Van Oer Giessen (1989,1991) defined an average plastic spin by OOF averaging as

(59)

Using (48) and (49) and its related OOF expression, the integral in (59) may be integrated,
and the following result is obtained

. h" I )Sill -(.,rt cos 2tX cos 2¢
cos2lj; = I '-Hs

vDII
tan2¢ = -~-, r = 2D 12 tan2lj;.

D'e
(60)

Figure 14 shows the evolution of average (macroscopic) plastic spin with respect to shear
strain for the cases of simple shear, simple torsion, and pure torsion. The three cases do
not show significant differences, only that pure torsion shows a slightly faster plastic
spin evolution than the other cases. However, a substantial variation in the plastic spin
accumulation is observed when a different characteristic angle tX is assumed. The angletX is
a material parameter, see Oafalias (1993a, 1993b), and may change with material and strain
hardening in the spirit of double-slip equivalence of the actual crystal slip systems. The
values of CJ. = 24" provides the best fit to axial stress of simple torsion for the nonlinearly
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Fig. 14. The plastic spin.
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hardening material (high purity aluminum) considered in this research. On the other hand,
Dafalias (1993a) used:x = 25° to describe experimental results of 1100-0 aluminum. Finally,
it is noted that when rx = 0, the curve in Fig. 14 is identical with those obtained by Dafalias
(1993b) and Van Der Giessen Van Houtte (1992) for single slip system.

7.5. Conclusion
It is shown in this paper that the double-slip model of crystal plasticity, when used

together with the concept of ODF, describes the torsion tests very well, including the axial
effects and texture orientation. This approach provides analytical solutions to the problems
considered and provides valuable information for the macroscopic study of the constitutive
equations.
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